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We study semiclassical strings in the Klebanov–Witten and in the non-Abelian T-dual Klebanov–Witten 
backgrounds. We show that both backgrounds share a subsector of equivalent states up to conditions on 
the T-dual coordinates. We also analyse string conﬁgurations where the strings are stretched along the 
T-dual coordinates. This semiclassical analysis predicts the existence of (almost) chiral primary operators 
for the dual superconformal ﬁeld theory whose (anomalous) bare dimensions depend on the T-dual 
coordinates. We brieﬂy discuss the Penrose limit of the dualised background.
© 2014 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
Dualities in string theory have played an important role in the 
developments of the theory in the last two decades. For instance, 
we have learnt how to relate string theories in different regimes 
(S-duality) and compactiﬁcations (T-duality). Moreover, the study 
of the theory at a non-perturbative level led to the discovery 
of higher dimensional objects, D-branes. The dual description of 
such objects as hyperplanes whose dynamics is described by open 
strings attached to them [1] and as sources of closed strings [2,3]
led to the open/closed string duality. These ideas prompted Mal-
dacena [4] to propose the celebrated gauge/gravity duality. The 
ﬁrst and best understood example is the equivalence between 
string theory on AdS5 × S5 and an N = 4 supersymmetric SU(N)
gauge theory. This duality implies the equivalence between quan-
tum numbers like string energies as function of the tension, an-
gular momentum and spin with the dimension of the correspond-
ing ﬁeld theory operators carrying the same charges. The precise 
checking of the correspondence, apart from the special case of pro-
tected (BPS) quantities, was diﬃcult to establish until the notable 
discovery that for a particular class of operators the comparison of 
both sides is possible [5]. This corresponds to operators with large 
quantum numbers. This idea was clariﬁed and extended in [6]
leading to semiclassical limits where the duality can be analysed. 
More examples of this gauge/gravity duality have been studied 
generalising this idea to models with a reduced number of su-
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SCOAP3.persymmetries either preserving or not conformal invariance (see 
[7,8] for a review). Also the same semiclassical analysis has been 
applied to these examples giving strong hints on how the emer-
gent ﬁeld theories can be investigated.
Moreover, the old idea of generalising T-duality to include non-
Abelian isometry groups [9], has been recently explored as a so-
lution generating technique for supergravity [10–16]. When it is 
implemented on backgrounds whose (strongly coupled) ﬁeld the-
ory dual is well understood, it produces a new background whose 
dual ﬁeld theory is not known. This idea has been applied to 
N = 1 supersymmetric backgrounds of type IIB supergravity, ei-
ther conformal or non-conformal, containing an SU(2) isometry 
[15,16]. The backgrounds obtained have shown to be solutions of 
type IIA supergravity which retain supersymmetry [16,17]. It is in 
this spirit that the use of non-Abelian T-duality provides a good 
tool to construct supergravity duals of strongly coupled ﬁeld theo-
ries and at the same time to overcome guessing new solutions of 
type II supergravity. The solutions constructed using non-Abelian 
T-duality present a host of interesting phenomena. Recent develop-
ments studying the geometric picture of the backgrounds obtained 
have revealed some effects of this phenomena in the dual ﬁeld 
theory [17–20]. For instance, using the language of G-structures, 
it was shown for the baryonic branch of the Klebanov–Strassler 
ﬁeld theory that the non-Abelian T-dual solution is such that the 
phenomena of conﬁning and symmetry breaking are encoded in 
changes on the character of these structures [21]. There are, how-
ever, many points that deserve study towards the gauge/gravity 
realisation of these T-dual solutions.
Here we shall investigate a rotating and spinning closed string 
in the Klebanov–Witten (KW) and in the non-Abelian T-dual KW 
backgrounds with two components of angular momentum in the under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
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lational internal isometries that we can have before and after the 
implementation of non-Abelian T-duality. Among these isometries, 
there is a U (1)R factor associated to shifts along the coordinate 
ψ which behaves as the R-symmetry before and after the non-
Abelian T-duality [21]. This will play a crucial role in our discus-
sion. We ﬁrst study the behaviour of conserved quantities for this 
string conﬁguration in the KW background. Since our goal will be 
to understand how some of these quantities change or not un-
der non-Abelian T-duality, we then study this string conﬁguration 
in the T-dual background. We show that there is an equivalence 
between states in both backgrounds which implies conditions on 
the T-dual coordinates. We also study conﬁgurations in which the 
closed string is stretched along the T-dual coordinates. For such 
conﬁgurations we will have non-zero B ﬁeld in the worldsheet 
however, this will not introduce corrections. We shall see that for 
ﬁnite energy conﬁgurations certain solutions are not allowed. It is 
important to say that the semiclassical analysis of strings in the 
KW background has already been studied in the literature (see, 
e.g. [22–26]). However, the solution considered here is of particu-
lar interest for the comparison with strings moving in the T-dual 
background, generalising certain previous known cases which will 
reduce to these by taking different limits.
In Section 2 we brieﬂy review the general strategy to con-
struct the T-dual backgrounds for type II supergravity solutions 
that support an SU(2) isometry. In Section 3 we discuss the KW 
and the dualised KW backgrounds. In Section 4 we ﬁrst study a 
semiclassical closed string in the KW background to analyse the 
relationship between conserved quantities that arise like energy, 
spin and angular momenta. We recover the expected features for 
large and short strings. We then study this string conﬁguration in 
the non-Abelian T-dual KW background to analyse how the states 
behave under non-Abelian T-duality. We also study conﬁgurations 
in which the string is stretched along the T-dual coordinates. In 
Section 5 we brieﬂy discuss the Penrose limit of the dualised back-
ground. Section 6 is devoted to some concluding remarks.
2. Non-Abelian T-duality
In this section we give a brief review of the non-Abelian 
T-duality technique for type II supergravity backgrounds based in 
[27] (see also [16,17]).
In the path integral formulation of T-duality one starts with a 
background which possesses a U (1) isometry. To implement the 
duality transformation one begins by gauging the U (1) isometry, 
then we add a Lagrange multiplier to ensure that the gauge ﬁeld is 
non-dynamical. Finally, we integrate out this gauge ﬁeld to produce 
the T-dual sigma model. A similar procedure can be performed to 
construct the T-dual sigma model for non-Abelian isometries [9]. 
However, this similarity may lead us to incorrectly conclude that 
such a generalisation goes over. Actually, Abelian and non-Abelian 
dualities are very different. While in the Abelian case the trans-
formation is invertible, in the non-Abelian case the isometry dis-
appears as a non-local symmetry of the dual sigma model [28]. 
A second difference appears when we try to extract global infor-
mation. For instance, due to the problem with the holonomies of 
the gauge connections [29,30], it is not known how to match the 
string path integrals before and after dualisation. This suggests that 
we may not consider non-Abelian T-duality as an exact symmetry 
of the underlying string theory but just a symmetry in the pla-
nar sector. Consequently, one can still rely on its use as a solution 
generating technique for supergravity.
Consider the NS sector (G, B, Φ) of an SU(2) invariant back-
ground such that the metric and the 2-form B can be written in terms of left-invariant Maurer–Cartan 1-forms, Li = −i Tr(g−1dg), 
with g ∈ SU(2).
The non-linear sigma model action is
S =
∫
d2σ
(
Qμν∂+xμ∂−xν + Qμi∂+xμLi−
+ Q iμLi+∂−xμ + Eij Li+L j−
)
, (1)
here μ, ν = 1, 2, ..., 7 are the spectator coordinates and we have 
deﬁned Q = G + B and the same for E . The ﬁrst step to produce 
the non-Abelian T-dual of this model is to gauge the SU(2) isom-
etry by replacing derivatives by covariant derivatives in the pulled 
back Maurer–Cartan 1-forms Li± . The ﬂatness of the gauge ﬁelds is 
enforced by adding the Lagrange multiplier term −i Tr(v F+−). We 
obtain the non-Abelian T-dual sigma model by integrating out the 
gauge ﬁelds and then ﬁxing the gauge. We shall ﬁx completely the 
group, i.e. g = I. Nonetheless, different gauge ﬁxing choices may 
be used to illustrate some properties, e.g. symmetries, of the dual 
background. The outcome of the procedure is the dual action
S =
∫
d2σ
(
Qμν∂+xμ∂−xν
+ (∂+vi + ∂+xμQμi)(Mij)−1(∂−v j − Q jμ∂−xμ)), (2)
where Mij = Eij+ f ki j vk . Note from (2) that the inverse of the above 
matrix M will be determining the non-Abelian NS background 
ﬁelds. In addition, a Jacobian factor in the measure produces an 
M-dependent shift in the dilaton ﬁeld.
For type II supergravity backgrounds, we ought to also know 
the transformation rules for the RR ﬂuxes. These rules where 
achieved in [10] generalising the results of [31]. In the dual sigma 
model, left and right movers couple to two frame ﬁelds which are 
related by a local Lorentz transformation Λ. In the present case, 
one can ascertain that detΛ = −1 and consequently the dualisa-
tion maps between type IIB and type IIA theories. We will also 
have two sets of gamma matrices whose invariance property im-
plies the relation Ω−1Γ aΩ = ΛabΓ b , where Ω is the spinor repre-
sentation of the Lorentz transformation Λ. The non-Abelian T-dual 
RR ﬂuxes can be read off from
eΦIIA/F IIA = eΦIIB/F IIB · Ω−1, (3)
where the slash notation indicates contraction of the polyforms 
F IIA/B with an appropriate number of gamma matrices to form 
bispinors.
3. Dualisation of the Klebanov–Witten background
In [32] Klebanov and Witten considered a conﬁguration of N 
D3 branes at the conifold singularity. In the gauge theory side, 
the low energy dynamics on the worldvolume of the D3 branes 
is described by an N = 1 superconformal SU(N) × SU(N) gauge 
theory with a pair of bifundamental matter ﬁelds Ai , Bm trans-
forming respectively in the (N,N) and the (N, N) of the gauge 
group. The Ai and Bm are doublets of a respective factor of an 
SU(2)1 × SU(2)2 global symmetry and have 12 R-charge under a 
U (1)R R-symmetry. This gauge theory also has a superpotential 
given by W = h2
 i j
mn Tr(Ai BmA j Bn).
In the gravity side, the geometry near the stack of D3 branes 
is AdS5 × T 1,1. Here T 1,1 is a U (1) bundle over S2 × S2 with Ein-
stein metric satisfying Rij = 4gij . This geometry is supported by 
a constant dilaton and a self-dual 5-form RR ﬂux. Explicitly the 
background is
ds2 = L2(ds2 + ds21,1), (4)AdS5 T
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F5 = 4
gsL
(
vol(AdS5) − L4 vol
(
T 1,1
))
, (6)
where
ds2AdS5 = − cosh2 ρdt2 + dρ2
+ sinh2 ρ(cos2 βdφˆ + dβ2 + sin2 βdφ2), (7)
ds2T 1,1 =
1
6
2∑
i=1
(
dθ2i + sin2 θidφ2i
)+ 1
9
2∑
i=1
(dψ + cos θidφi)2, (8)
where L2 = √λtα′√27/4 is the curvature radius of T 1,1 and λt
the ’t Hooft coupling. We have chosen the coordinates (θi, φi) to 
parametrise the S2i in T
1,1 whilst the angle ψ , parametrising the 
U (1) ﬁbre, has period 4π . According to the gauge/gravity duality, 
the gauge theory described above is dual to strings on the back-
ground of Eqs. (4)–(6).
The frame ﬁelds that parametrise the background metric in 
Eq. (4) are
et = coshρdt, eβ = sinhρdβ, eφ = sinhρ sinβdφ,
eφˆ = sinhρ cosβdφˆ, eρ = dρ,
e1ˆ,2ˆ = λ1σ1ˆ,2ˆ, e1,2 = λ2σ1,2,
σ3 = λ(dψ + cos θ1dφ1), (9)
where σ1ˆ = sin θ1dφ1 and σ2ˆ = dθ1 are the frame ﬁelds for the S21
and λ21 = λ22 = 16 , λ2 = 19 , whereas the σi , i = 1, 2, 3, are the SU(2)
left-invariant 1-forms.
The dual background of this model was obtained by dualising 
along the SU(2)2 global symmetry deﬁned by the σ ′i s and by par-
tially gauge ﬁxing the group retaining the ψ coordinate related to 
the R-symmetry. The result of the dualisation is an SU(2)1 ×U (1)R
solution of type IIA with NS and RR background ﬁelds given by1
[15,16]
ds2dual = ds2AdS5 + dsˆ2T 1,1 , (10)
e−2Φˆ = 8, (11)
Bˆ = −λ
2

[
x1x2dx1 +
(
x22 + λ42
)
dx2
]∧ σ3ˆ, (12)
Fˆ4 = 8
√
2

λ21λ
2
2λx1σ1ˆ ∧ σ2ˆ ∧ σ3ˆ ∧
(
λ22x1dx2 − λ2x2dx1
)
,
Fˆ2 = 8
√
2λ41λσ1ˆ ∧ σ2ˆ, (13)
where σ3ˆ = dψ + cos θ1dφ1 and the metric in the dualised back-
ground is explicitly
dsˆ2T 1,1 = λ21
(
σ 2
1ˆ
+ σ 2
2ˆ
)+ λ22λ2

x21σ
2
3ˆ
+ 1

((
x21 + λ2λ22
)
dx21 +
(
x22 + λ42
)
dx22
+ 2x1x2dx1dx2
)
, (14)
where
 = λ22x21 + λ2
(
x22 + λ42
)
. (15)
It is thus clear that the background in Eqs. (10)–(13) will have a 
holographic meaning with less symmetries as compared with the 
undualised model.
1 We have set gs = 1, L = 1.4. Classical solutions for rotating strings
In this section we consider a rotating and spinning closed string 
in the KW background (4)–(6) and in the dualised KW background 
(10)–(13) with two components of angular momentum in the in-
ternal space. Since the aim of this paper is to study the effect of 
non-Abelian T-duality in this semiclassical conﬁguration and be-
cause AdS5 comes as a spectator sector, we will keep ﬁxed its 
string conﬁguration throughout this section. We follow closely the 
procedure outlined in [33], in the way used to relate conserved 
quantities in certain interesting limits as well as the AdS5 conﬁg-
uration considered there.
4.1. Classical solution for rotating string in the Klebanov–Witten 
background
The classical solution for a closed string spinning along the φ
direction of S3 in AdS5 and rotating simultaneously along φ1 and 
the R-charge direction, ψ , within T 1,1, which is stretched along the 
radial direction and in the angular coordinate θ1 of S21 in T
1,1, can 
be parametrised by the ansatz
t = κτ , φ = ωτ, φˆ = 0, β = π
2
,
ρ(σ ) = ρ(σ + 2π), θ1(σ ) = θ1(σ + 2π),
θ2 = ﬁxed, φ2 = ﬁxed, φ1 = vφ1τ , ψ = vψτ . (16)
Besides the isometries of AdS5, this conﬁguration generates a sub-
group of isometries U (1)1 × U (1)R of the metric in Eq. (8). The 
equations of motion become
ρ ′′ = (ω2 − κ2) coshρ sinhρ = 0, (17)
θ ′′1 = −
v2φ1
3
sin2θ1 + 2
3
vφ1 vψ sin θ1, (18)
where prime denotes derivative with respect to σ . The solution 
for ρ was computed in [33] while the one for θ1 follows from the 
conformal constraints. They are(
ρ ′
)2 = κ2 cos2 α0 − (ω2 − κ2) sinh2 ρ, (19)(
θ ′1
)2 = 6κ2 sin2 α0 − 2
3
v2φ1,ψ +
4
3
v2φ1 sin
4 θ1
2
+
(
8vφ1 vψ
3
− 4
3
v2φ1
)
sin2
θ1
2
, (20)
where vφ1,ψ = vφ1 + vψ and α0 is an integration constant. Let us 
deﬁne three parameters
a = v
2
φ1
/3
6κ2 sin2 α0 − 23 v2φ1,ψ
, b = 2vφ1 vψ/3
6κ2 sin2 α0 − 23 v2φ1,ψ
,
c = ω
2 − κ2
κ2 cos2 α0
. (21)
Finite energy conﬁgurations are allowed if ω2 > κ2, consequently 
c > 0. We also choose b > 0 which implies a > 1.
For the single-fold string [6] the interval 0 ≤ σ ≤ 2π is split 
into four segments; θ1 and ρ start at ρ(σ ) = θ1(σ ) = 0 at σ = 0
and increase up to a maximal value ρm and θ1m where ρ ′ and θ ′1
vanishes, which is at σ = π2 . The periodicity condition thus implies 
an extra relation between the parameters, namely
tan2 α0 = g
2
2F 21(
1
2 ,
1
2 ,1;k2)(1+ 2a(1+ b2a )2)c
6 F 2( 1 , 1 ,1;− 1 ) , (22)2 1 2 2 c
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g = 2√
k+
, k = k−
k+
,
k± = −1+ 2a − 2b ± 2
√
(a − b)2 − a. (23)
The energy, spin, global charge and R-charge are given by
E(a,b, c) =
√
λt√
c cosα0
2F1
(
−1
2
,
1
2
,1;−1
c
)
, (24)
S(a,b, c) =
√
λt
2c3/2 cosα0
√
1+ c cos2 α02F1
(
1
2
,
3
2
,2;−1
c
)
, (25)
Jφ1 =
√
λt
3
√
3
g
√
a
[(
1− b
a
− 1+ k−
β2
)
2F1
(
1
2
,
1
2
,1;k2
)
+ 1
4aβ2
2F1
(
−1
2
,
1
2
,1;k2
)
+ 2b
πa
Π
(
β2,k
)]
, (26)
Jψ =
√
λt
3
√
3
g
√
a
[(
b
2a
− 2
)
2F1
(
1
2
,
1
2
,1;k2
)
+ 8
π
Π
(
β2,k
)]
, (27)
where
β2 = −a − b −
√
(a − b)2 − a
a + b +√(a − b)2 − a . (28)
It is useful to study the functional dependence of the energy in 
Eq. (24) in terms of the charges (25)–(27) in some interesting lim-
its. We will always be considering J T  1, S  1 with √λt  1
such that J T /
√
λt and S/
√
λt remain ﬁnite in the limit. Here 
J T = ( Jφ1 + Jψ) is the total angular momentum of the string. The 
limits of interest correspond to short and large strings. The ﬁrst 
case corresponds to small S and J T and the second one to large S
and J T (as compared to λt ).
We see from (25) that the limits of large and small S corre-
spond, respectively, to c 	 1 and c  1. One can also see from 
(26) and (27) that the large total angular momentum limit corre-
sponds to the parameter region where a ∼ 1+2b+
√
1+4b
2 for ﬁxed b, 
which implies k2 ∼ 1, whilst the small region corresponds to a 
1+2b+√1+4b
2 where k
2 	 1. We now study these different limits.
Short strings In this limit (22) gives tan2 α0 ≈ J
2
T
2S . Then (24) re-
duces to
E2 ∼= J2T + 2
√
λt S. (29)
This is a Regge-type spectrum of a string in ﬂat space with total 
angular momentum J T rotating around its centre of mass with 
spin S .
Large strings In this limit tan2 α0 ≈
(
3π J T√
λt
− l0√
3
)2
μ20 log
2 c
. The expressions 
in Eqs. (24), (25), (26) and (27) give
E − S ∼=
√
λt
π
√√√√log2 c + 9π2
μ20
(
J T√
λt
− l0
3
√
3π
)2
, (30)
where l0 =
√
2(1 + (1 + 2b/√1+ 4b))−1/2 and 3/2 < μ0 < 9/2.
When J T√
λt
	 log c, we get c ≈ 2
√
λt
π S . In this limit we ﬁnd
E − S ∼=
√
λt
π
log
π S
2
√
λt
+ 9π
2μ20
√
λt
J2T
log π S√
, (31)
2 λtwhich is the usual energy-spin dispersion relation for large spin-
ning strings.
When J T√
λt
 log c, we have c log 1c ≈ 6 J Tμ0 S . Because c 	 1 we 
ﬁnd that J T 	 S . Thus, the string is spinning faster in AdS5. The 
leading order solution for c is c ≈ 6 J Tμ0 S , we get
E − S ∼= 3
μ0
J T + λtμ0
6π2 J T
log2
6 J T
μ0S
+
√
λtl0√
3μ0π
. (32)
Another interesting limit to consider is when J T√
λt
 1 and 
S√
λt
	 1. In this case tan2 α0 ≈ acg2 log2 161−k2 , and one ﬁnds that
E ∼= 3
μ0
J T + S +
√
λt S
3μ0 J T
+ μ
2
0λt S
18 J2T
+
√
λtl0√
3πμ0
. (33)
This limit describes a near point-like string which is rotating with 
large angular momentum J T near ρ ≈ 0. Note that the last term 
of the energy in Eq. (33), being large in the limit, makes the com-
parison with ﬁeld theory dimension of operators problematic.
For the sake of completeness let us discuss some particular 
cases of (16) concerning different string conﬁgurations in T 1,1.
4.1.1. Case vψ = 0
In this limit the global charge is
Jφ1 =
√
λt
3
√
3
(
1
4a
2F1
(
1
2
,
3
2
,2; 1
a
)
+ 2F1
(
1
2
,
1
2
,1; 1
a
))
. (34)
Note that this charge is no longer equivalent to the one associated 
with a string which is rotating only in the S2 of S5 for the maxi-
mal supersymmetric case [33,34] due to the U (1) ﬁbration in T 1,1. 
Strictly speaking, the comparison is not quite direct because the 
scale in (34) is set by T 1,1 instead of S5.
We have different cases concerning the value of a. For a < 1, 
then θ1 ∈ [0, π ], the string is closed and stretched around the great 
circle of S21 in T
1,1. For a = 1, we have an inﬁnite energy solution 
unless we ﬁx θ1 and Eq. (18) implies that θ1 = π2 . For a > 1, the 
string is stretched up to a maximal value given by θ1m = arcsin 1√a . 
This is the most interesting case and we shall study it in detail.
Consider the case a > 1. We see from (34) that the regimes 
of large and small global charge correspond, respectively, to the 
region where a ∼ 1 and a  1.
Short strings In this case we ﬁnd that tan2 α0 ≈ c
√
3 Jφ1√
λt
. The en-
ergy in Eq. (24) becomes
E2 ≈√λt(2S + √3 Jφ1), (35)
which is a Regge-type spectrum.
Large strings In this limit tan2 α0 ≈
6(
π Jφ1√
λt
+ 1
3
√
3
)2
log2 c
. We obtain
E − S ∼=
√
6
(
Jφ1 +
√
λt
3
√
3π
)2
+ λt
π2
log2 c. (36)
When log c  Jφ1√
λt
, we have c ≈ 2
√
λt
π S . Thus, the energy-spin rela-
tion behaves like
E − S ∼=
√
λt
π
log
π S
2
√
λt
+ 3π√
λt
J2φ1
log π S√
. (37)
2 λt
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λt
, we ﬁnd c ≈ 2
√
6 Jφ1
S , so that
E − S ∼=
√
6 Jφ1 +
λt
2
√
6π2
log
2
√
6 Jφ1
S
Jφ1
+
√
2
√
λt
3π
. (38)
This result agrees with the one found in [23], although the relation 
in Eq. (38) is the generalisation to the non-zero spin case.
4.1.2. Case vφ1 = 0
In order to satisfy the periodicity condition we ﬁnd that θ1 =
ﬁxed. Therefore, the R-charge is homogeneously distributed along 
the string
Jψ√
λt
= vψ
9
. (39)
An interesting limit to consider here is when S√
λt
	 1 and 
Jψ√
λt
 1. Then the string is moving very fast along the R-charge 
direction with energy
E ∼= 3 Jψ + S +
√
λt
3
S
Jψ
+ λt S
18 J2ψ
. (40)
This energy is also captured by the leading quantum term in the 
spectrum of strings in (4)–(6), in the frame boosted to the speed 
of light along ψ . In the strict S = 0 limit we see that (40) saturates 
the BPS bound and is dual to a chiral primary operator [35–37].
As we will see in Section 4.2, the subsector of states discussed 
above will be preserved under dualisation by imposing some con-
ditions on the T-dual coordinates.
4.2. Classical solution for rotating string in the non-Abelian T-dual 
Klebanov–Witten background
Let us consider now a string moving in the background 
(10)–(13) which is rotating in φ1 and the R-charge direction ψ , 
it is also stretched along θ1 and localised at a ﬁxed point in the 
plane (x1, x2). From now on, the string conﬁguration for AdS5 will 
be the one deﬁned in (16). An appropriate ansatz for such a solu-
tion is
θ1(σ ) = θ1(σ + 2π), φ1 = vφ1τ , ψ = vψτ ,
x1 = ﬁxed, x2 = ﬁxed. (41)
This conﬁguration generates a subgroup of isometries U (1)1 ×
U (1)R of (14) that has been retained by non-Abelian T-duality. The 
most general solution for θ1 satisfying the conformal constraints is
θ ′21 =
κ2
λ21
sin2 α0 − λ
2x21

v2φ1,ψ +
(
4− 4λ
2x21

)
v2φ1 sin
4 θ1
2
+
(
4λ2x21

vφ1 vψ −
(
4− 4λ
2x21

)
v2φ1
)
sin2
θ1
2
, (42)
where vφ1,ψ = vφ1 + vψ and  was deﬁned in Eq. (15). If we iden-
tify the analog to a and b in (21) as
a → aˆ = 4(1−
λ2x21

)v2φ1
κ2
λ21
sin2 α0 − λ
2x21

v2φ1,ψ
,
b → bˆ =
4λ2x21

vφ1 vψ
κ2
λ2
sin2 α0 − λ
2x21

v2φ1,ψ
, (43)1we can see that the expression in Eq. (42) is equivalent to the one 
in Eq. (20). Thus, it seems that if we appropriately choose the val-
ues of x1 and x2 we can get a set of states that remain unchanged 
under non-Abelian T-duality. This is indeed possible by considering 
small values of x1 where the metric in Eq. (14) behaves as
λ21
(
σ 2
1ˆ
+ σ 2
2ˆ
)+ λ22
x22 + λ42
x21σ
2
3ˆ
. (44)
Consequently, for 1/3
√
6≤ |x1| < 1 and an appropriate range for x2
the string states in (16) and the ones in (41) will be characterised 
by the same labels.
The latter result implies that, even though the ﬁeld theory dual 
to the background in Eqs. (10)–(13) is, in principle, different to 
the ﬁeld theory dual to the background in Eqs. (4)–(6), there is a 
particular subsector where both are equivalent. This is due to the 
fact that a precise sector of the geometry, besides AdS5, was un-
affected by non-Abelian T-duality. In other words, the computation 
of a given observable that in the original background is uncharged
under SU(2)2 will give the same result in the T-dual background. 
One may thus expect that the computation of observables in that 
subsector will go through. However, we have seen that this is not 
the case; the equivalence is guaranteed up to certain conditions 
on the T-dual coordinates. This unexpected behaviour is present 
because the term containing the R-charge direction in Eq. (14), has 
been mixed non-trivially by T-duality with the T-dual coordinates. 
In addition, notice that the fact the R-charge direction was retained 
and made explicit in the T-dual solution is a consequence of the 
gauge choice used in Section 3; we can still identify it as the R-
charge direction but by no means is the same.
We shall study now conﬁgurations where the string is stretched 
along the T-dual coordinates.
A conﬁguration deﬁning a string that is rotating along the φ1
and the R-charge directions, localised at θ1 = π2 and at some ﬁxed 
point x2, and stretched along the T-dual coordinate x1(σ ) in the 
background (10)–(13), can be parametrised by the ansatz
θ1 = π
2
, φ1 = vφ1τ , ψ = vψτ ,
x1(σ ) = x1(σ + 2π), x2 = ﬁxed. (45)
The equation of motion for x1 becomes
(
x21 + λ22λ2
)
x′′1 +
λ2x22x1(x
′
1)
2

+ λ
4λ22x1(x
2
2 + λ42)

v2ψ = 0. (46)
The off-diagonal components of the conformal constraints imply 
different cases.
(a) For vψ = 0, a general solution of Eq. (46) is(
x21 + λ2λ22
)(
x′1
)2
= λ22
(
κ2 sin2 α0 − λ21v2φ1
)(
λ22λ
2 − (l − 1)x21
)
, (47)
x2 = 0, (48)
where
l = λ
2v2ψ
(κ2 sin2 α0 − λ21v2φ1)
. (49)
For l > 1, x1 has a maximum x1m , deﬁned by the equation 
x′1 = 0. As in Section 4.1, for the single-fold case, x1 starts at 
x1 = 0 at σ = 0 and increases up to reach its maximal value 
x1m at σ = π/2. By demanding this we get the condition
tan2 α0 =
( λ
2l
(l−1)2 2F
2
1(− 12 , 12 ,1; 1l ) + λ21v2φ1)c
F 2( 1 , 1 ,1;− 1 ) . (50)2 1 2 2 c
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Jφ1 =
√
λtλ
2
1vφ1 , (51)
Jψ =
√
λtlλ2
l − 1
[
2F1
(
−1
2
,
1
2
,1; 1
l
)
− (l − 1)
l
2F1
(
1
2
,
1
2
,1; 1
l
)]
. (52)
Whereas the energy and spin are still given by Eqs. (24)
and (25).
Note that the homogeneous distribution of angular momen-
tum (51) is bounded by virtue of (49). From now on we shall 
consider vφ1 ∼ 0. We also see that the large R-charge limit is 
not allowed for this conﬁguration. Therefore, we will have that 
the string is short along x1. For such a solution, the x1 part of 
the metric in Eq. (14) behaves like
1
λ22
(
dx21 + x21σ 23ˆ
)
. (53)
Thus, we are left with a manifold with a bolt singularity [16]. 
To remove this singularity we require the range of ψ to be 
2π . Therefore, for this solution, the R-charge is reduced by a 
Z2 quotient.
Short strings In this limit the energy in Eq. (24) becomes
E2 ∼=
√
λt(2S + 9 Jψ) + 6 J2φ1 , (54)
which is the usual Regge behaviour with a small correction 
due to Jφ1 .
In the limit S√
λ
 1, Jψ√
λ
	 1, the string spins near x1 ∼ 0 with 
energy
E ∼=
√
λt
π
log
π S
2
√
λt
+ π( Jψ + 6 Jφ1)
2 log π S
2
√
λt
. (55)
(b) For vψ = 0, the periodicity condition on x1 implies that x1 =
ﬁxed and Eq. (46) sets it to zero. Thus, the vanishing of the 
R-charge implies the vanishing of the T-dual coordinate x1.
Let us consider now that the string is stretched along the T-dual 
coordinate x2. We shall look for a solution as in (45) but now with 
x1 = ﬁxed and x2(σ ) = x2(σ + 2π). The equation of motion for 
x2(σ ) becomes
(
x22 + λ42
)
x′′2 +
x2x21λ
2
2

((
x′2
)2 − λ4v2ψ)= 0. (56)
The conformal constraints imply that x2 = ﬁxed and Eq. (56) sets it 
to zero. In this case the global charge and R-charge are uniformly 
distributed along the string
Jφ1√
λt
= vφ1 ,
Jψ√
λt
= λ
2x21
x21 + λ2λ22
vψ. (57)
We then see that x1 = 0 implies zero R-charge. Let us consider the 
case of non-zero x1 and vφ1 = 0 with S√λt 	 1, 
Jψ√
λt
 1. In this 
limit the energy is
E ∼=
3
√
x21 + λ21λ2
x1
Jψ + S +
√
λt x1S
3
√
x21 + λ21λ2 Jψ
+ λt x
2
1S
18(x2 + λ2λ2) J2 . (58)1 1 ψThus, the correspondence between string states and operators im-
plies that there will be a set of (almost) chiral primary operators in 
the dual ﬁeld theory whose (anomalous) bare dimensions depend 
on the ﬁxed T-dual coordinate x1.
The results of this section imply that we cannot have a descrip-
tion of string states with large quantum numbers independent of 
the values of the T-dual coordinates. Particularly, we have analysed 
how the states discussed in Section 4.1 have changed. We found 
that for speciﬁc values of the T-dual coordinates such states be-
come equivalent. Moreover, some states are not only affected but 
their existence is constrained by the T-dual coordinates. For in-
stance, there is a correlation between the values of x1 and ψ such 
that a necessary, but however not suﬃcient, condition to have non-
zero R-charge is not to set x1 to zero. Note that for all the solutions 
discussed above the NS ﬁeld in Eq. (12) does not introduce correc-
tions.
5. Towards the Penrose limit of the dualised background
An important result found in [38] is that the spectrum of type 
IIB superstring theory on the pp-wave RR background can be ob-
tained explicitly. Remarkably, this pp wave background is the re-
sult of applying the Penrose limit to AdS5 × S5 [39] and because 
this limiting procedure does not spoil supersymmetry, it is also a 
maximally supersymmetric solution of type IIB supergravity. These 
ideas were ﬁrst studied within the gauge/gravity duality in [5] to 
identify stringy states in AdS5 × S5 with a class of gauge invari-
ant operators of the N = 4 SU(N) supersymmetric gauge theory. 
Since then, the analysis of pp-wave backgrounds coming from the 
Penrose limit of supergravity backgrounds has been extended to a 
number of models (see, e.g. [40]).
Interestingly, in [41] it was shown that the Penrose limit is con-
sistent with T-duality. The consistence relies on proving that the 
gauge choices for the NS and RR ﬁelds are in harmony with the 
T-duality rules for the corresponding transformed ﬁelds such that 
they produce ﬁnite non-zero results in the limit. Therefore, the T-
dual pp-waves are also solutions and consequently this limiting 
procedure commutes with T-duality. This idea has been applied to 
type IIB backgrounds to generate new pp-wave solutions of type 
IIA supergravity which preserve some fraction of supersymmetry 
[42]. It is then natural to ask how the Penrose limit behaves under 
non-Abelian T-duality. However, in spite of the non-Abelian T-dual 
solution discussed here, and in general the ones obtained in [16], 
has proven to be solution of type IIA supergravity, this transfor-
mation has led to topology changes that make not evident the 
applicability of such a limiting procedure. Nevertheless, the semi-
classical analysis performed in Section 4.2 gives us strong evidence 
that such a limit indeed exists. Therefore, we ought to, in principle, 
reconsider the Penrose–Gueven derivation in a formalism suitable 
to incorporate the non-Abelian T-duality Rules for the NS and RR 
ﬁelds. We leave this study for a future work. For the time being 
we focus our attention on the metric only and we shall show that 
we can indeed write it as a pp-wave metric.
Let us consider a scaling limit around a null geodesic at a ﬁxed 
non-zero point x1 near ρ = θ1 = x2 = 0 in the background metric 
(10) carrying large angular momentum along the ψ direction. The 
geodesic is parametrised by the coordinates
x+ = 1
2
(
t + x1(ψ + φ1)
3
√
x21 + λ2λ22
)
,
x− = L
2
2
(
t − x1(ψ + φ1)
3
√
x2 + λ2λ2
)
. (59)1 2
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ρ = r
L
, θ1 =
√
6
L
ξ, x2 =
√
x21 + λ2λ22
λ2L
γ . (60)
In this limit the metric becomes
ds2 = −4dx+dx− +
4∑
i=1
((
dridri + dγ 2)− (riri + 4γ 2)dx+dx+)
+ (dξ21 + ξ21dφ21)− 2 x1√
x21 + λ2λ22
ξ21dx
+dφ1. (61)
One easily sees that this is a pp-wave metric in virtue of ∂− being 
a covariantly constant null Killing vector. This background has a 
number of isometries, some of which are manifest. In particular, 
the transverse SO(8) invariance of (61) has been broken down to 
SO(4) × U (1)1. It can be seen that this pp-wave metric has less 
isometries than the one obtained by applying the scaling limit to 
the background metric in Eq. (4) [35–37]. Thus, we anticipate that 
the scaling limit does not commute with non-Abelian T-duality.
By considering the correspondence between conserved charges 
in string theory and ﬁeld theory one ﬁnds
2p− =  − 3
2
√
x21 + λ2λ21
x1
R, (62)
2p+ = 1
L2
(
 + 3
2
√
x21 − λ2λ21
x1
R
)
, (63)
where  = i∂t and R = −2i∂ψ . Thus, in the BMN sector, this anal-
ysis predicts the existence of (almost) chiral primary operators 
whose (anomalous) bare dimensions are x1-dependent.
6. Conclusions
In this work we have discussed semiclassical solutions for ro-
tating and spinning closed strings in the KW and the T-dual KW 
backgrounds with two components of angular momentum which 
correspond to the U (1)1 and U (1)R charges of the internal space. 
Such conﬁgurations exhaust the number of isometries that we can 
have before and after the dualisation.
We began by considering this conﬁguration in the KW back-
ground by keeping ﬁxed two of the coordinates of SU(2)2 about 
which we dualise the background. We found analytical expressions 
for the angular momenta. We then studied the behaviour of the 
string energy in terms of these conserved quantities and the spin 
to recover the expected features for short and large strings. We 
then studied this conﬁguration in the T-dual background by keep-
ing ﬁxed the T-dual coordinates. We found that both backgrounds 
enjoy an equivalent subsector of states. However, the existence of 
it depends on the values of the T-dual coordinates. We also stud-
ied conﬁgurations where the string is stretched along the T-dual 
coordinates. For a string that is stretched along x1 for ﬁxed x2, we 
found that the string is short along x1. The geometry displayed 
for this solution enforces a Z2 quotient on ψ , showing the rather 
subtle global properties of the T-dual solutions. In the case of van-
ishing R-charge we found that the string shrinks to a point. There 
is not a possible conﬁguration where the string is stretched along 
x2 for ﬁxed x1. In this case we found that the string is placed at a 
ﬁxed point (x1, 0) in the (x1, x2) plane with a homogeneous distri-
bution of global charge and R-charge. The R-charge is x1-dependent 
such that for vanishing x1 the R-charge is identically zero. For non-
vanishing x1, in the point-particle limit, the corresponding super-
gravity mode saturates the BPS bound but with a scaled R-charge related to the ﬁxed value of x1. This puzzling feature predicts that 
the dimension of operators in the dual superconformal ﬁeld theory 
is x1-dependent. This discussion motivates that the T-dual back-
ground goes over to a pp-wave solution in the Penrose limit. We 
discussed brieﬂy the application of this scaling limit to the T-dual 
ﬁelds. Particularly, we worked with the metric by proving that we 
can indeed write it as a pp-wave metric. Then we wrote down 
the equivalence between conserved charges in string theory and 
ﬁeld theory which predicts the existence of the states we found by 
performing the semiclassical analysis. This latter fact gives strong 
evidence for the generalisation of this scaling limit to the inclusion 
of the non-Abelian transformation for the other background ﬁelds 
which will be analysed in a future work.
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